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Nonlinear Resonant Roll Motion of Magnetically
Oriented Satellites

R. W. KAMMULLER*
European Space Research and Technology Centre, Noordwijk, Holland

A systematic analysis of the steady-state roll motion of satellites with passive magnetic at-
titude control has been made. The roll motion can be described by a nonlinear differential
equation of second order with periodic coefficients. Mitropolskii’s method has been employed
to compute the asymptotic approximation of the roll equation. The stationary solutions can
be represented in terms of the solution of a linear Hill-type equation, which is known and

tabulated.

It was found that apart from the nonresonant rest position there is a large

variety of resonant oscillatory and rotational roll modes. The resonance effect is externally ex-
cited by the orbital pitch motion of the spacecraft. Inertial crosscoupling provides the
mechanism for exchanging energy between the roll and the transverse modes. The frequency of
the roll oscillation as well as the mean rate of the rotational roll motion are found to be certain
rational fractions of the orbital frequency. Numerical results are presented in form of ampli-
tude characteristics for the most important resonance modes.

1. Introduction

ECAUSE of its simplicity and reliability the principle of
passive magnetic attitude control has been applied to
quite a number of national and international European satel-
lite projects in recent years. The principle, first proposed by
Fischell! makes use of a rigidly mounted permanent magnet to
align the reference axis of the spacecraft to the local gradient
of the geomagnetic field. The nominal performance of this
one-axis control is shown in Fig. 1. In order to damp the li-
brational motions of the satellite, a hysteresis damper is ap-
plied, consisting of a number of ferromagnetic rods placed
perpendicular to the reference axis.

Previous studies of the attitude dynamics were mainly con-
cerned with the short periodic librations of the system and
optimal design of the magnetic control elements with respect
to the transient behavior.l.2 The knowledge about the re-
sidual roll motion wasrather limited; generally it was assumed
that this motion comes to rest after dissipation of the initial
kinetic energy.

This paper deals with the analysis of the steady-state roll
motion, especially with its long periodic response to the ex-
ternal excitation. The extremely slow nature of these mo-
tions allows one to consider the pitch and yaw response as
being “loosely coupled” to the roll motion. As a first approxi-
mation the forced pitch and yaw motion are introduced as
known time-dependent terms. The roll equation appears now
as nonlinear differential form of second order, with periodic
coefficients.

The analysis of the roll equation was based on the method
of asymptotic approximations. Hill’s equation was chosen as
unperturbed base, since solutions of Hill's equation are
available in tabulated form. By a suitable nonlinear trans-
formation the roll equation can be brought into a form con-
venient for the averaging method developed by Mitropol-
" skii.® After introduction of a “slow” timescalé and averaging
of the standard equations the conditions for the existence of

periodic steady-state solutions have been derived. Apart

from the purely periodic type of solutions also rotational
solutions have been found.
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In the final section the large variety of periodic and rota-
tional roll modes and their dependency on the parameters of
the system is being discussed. The method of approach
might also prove useful in analyzing parametric resonance
effects occurring with gravity gradient oriented satellites.*

2. Equation of the Roll Motion

It is assumed that the satellite can be treated as rigid body.
Its dimensions shall be small compared to those of the pri-
mary body; hence, the attitude motion can be considered as de-
coupled from the orbital motion. We furthermore suppose the
satellite is moving on a circular and polar orbit. The mag-
netic field of the Earth shall be approximated by the field of a
dipole located at the Earth center; the dipole axis shall
coincide with the rotational axis of the Earth.

The attitude of the satellite is described by the relative
position of a body fixed-frame to an orbit-fixed frame, Fig. 2.
The body-fixed frame (X,Y,Z) is identical to the principle
axis system of the body. The Z axis is the reference axis
which has to be oriented parallel to the local direction of the
geomagnetic field, Fig. 1. The orbit-fixed frame (z,y,2) is de-
fined as follows: the z axis normal to the orbit plane, the y
axis parallel to the nodeline of orbital plane and equatorial
plane, the z axis completes the right-hand set.

The relative position of the two frames is described by the
Eulerian angles (¥,0,®), which are obtained by the three suc-
cessive rotations: ¢ about the z, § about z’, and ® around the
Z axis. The time history of the Euler angles ¥(7), 8(7), ®(r)
is also referred to as pitch, yaw, and roll motion.

In order to derive the equations of motion the Lagrangian
formalism is used. The appropriate generalized coordinates
of the system are the three Euler angles (,8,8). The angular
velocity vector w of the rigid body shall be expressed in terms
of the generalized coordinates and their time derivatives.
In matrix notation one obtains

sing sind cost 0| ¥
® = | sinf cosd —sin® 0 0 1)
cosé 0 1 ]

The kinetic energy T of the rigid satellite can now be written
as

= j0To 2

where T denotes the transposed velocity matrix and I the
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Table 1 Coefficients of the roll equation, Eq. (9), for the
oscillatory casev = 0

g = 4 + 25 in=0
g1 = 88 Jn=10
(12 = 2312

Ri=0

Sy = MH,f:/(40°B + MH,)

diagonalized inertial matrix. The diagonal elements of I are

the three principal moments of inertia A ,B,C associated with -

the principle axes X,Y,Z.

The potential energy U of the satellite is obtained by in-
tegrating the magnetic torque produced by the permanent
magnet in the Earth’s magnetic fieldt

U= fo # (M x H)d8 = MH(1 — cosB)

where M denotes the magneticmoment vector of the stabilizing
magnet pointing in ~Z direction. H is the local gradient of
the geomagnetic field and 8 the angular distance between M
and H. Using the trigonometric relations indicated in Fig. 2
one can express cosf in terms of the generalized coordinates
6,y and the magnetic declination A.

Thus one obtains for U

U= MH[1 — sinf sin(A — ¢)] 3)

Amount H and declination A of the local field gradient are con-
tinuous functions of the time 7, which can be expanded into
the series

m
A=A+ 20 + 3 fasin20Qr

n=1

)
H = H, (1 + 2 ha cos2n$27)

n=1

where Q is the orbital frequency, and f,,h. are Fourier co-
efficients depending on orbital parameters.® The energy dis-
sipation of the hysteresis-damper shall be taken into account
by introduction of the dissipative function F depending on
the roll rate and an equivalent damping factor K

F = K$? 6

Combining Egs. (1) and (2) and Eqgs. (3) and (4) the Lagran-
gian L = T — U is expressed as function of the generalized
coordinates (¢,8,®) and time. The equations of motion fol-
low from Lagrange’s extended equations.®* The complete sys-
tem of the equations of motion does not easily lend itself to
analytical treatment. But because of the relatively low level

of the roll rates considered here, some simplifications are
justified.

» Table 2 Coefficients of the roll equation, Eq. (9), for the
rotational casey = 2

go = (81 — Ry)? =
g = 4(S, — Ry iy = @a
g2 = 4 1+ 2(8,2 — Ry?) 73 = 4(S; + Ry)
gs = 4(S, — Ry) 14 = Qs
gs = (S + Ry)? i =8k,
jz = 4S1R1

R1 = '—2MHof11lQ2C/D1
Sy = MH,fi(MH, 4 49:C)/D,
D = [MH, — 20%4 + B)(MH, + 403C) ~ 4»*Q4C?

T Terms due to gravitational forces have been omitted in the

present study ; their influence is of secondary order in cases of
strong magnetic control.
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Fig.1 Nominal attitude of a satellite with passive magne-
tic stabilization of the Z axis. M = magnetic dipole of
satellite, M, = dipole of the Earth magnetic field.

Numerical tests performed with a computer simulation of
the complete dynamic system have shown that at low roll
rates (~1073 rad/sec) the pitch motion ¢(7r) and the yaw
motion 6(r) are nearly independent from the roll motion
®(7). This result is due to the fact that the coupling torques
with respect to the ¢ and § motion derived from the kinetic
energy Eq. (2) are by one order of magnitude smaller than the
magnetic torques derived from Eq. (3).

As a first approximation the pitch and yaw motion might be
calculated independent of the roll motion. Because of the
hysteresis damping the natural modes of pitch and yaw mo-
tion (eigen-frequencies ~10~2 rad/sec) are damped out soon.
What remains are the stationary solutions of the low fre-
quency 20 due to the forcing terms Eq. (4) (Ref. 5)

m
Y(r) = 2r + Y 8, sin2nQr
1

. (6
0(r) = % + 3" R, cos2nQr
1

The orbital frequency @ for the usual near-Earth orbits is in
the order of ~1073 rad/sec. For the present analysis it is
sufficient to retain only the basic amplitudes Si,R;, as given in
Tables 1 and 2. :

Now ¢(r) and é(r) can be introduced as purely time-de-
pendent terms into the Lagrangian L = T — U, which re-
mains a function of ® and = only. The equation for the roll

a=A-(P+ -Tz,l)
b=-f

C:e-zE

Fig. 2 Definition of Euler angles (¢,0,¢) and relative posi-
tion of satellite dipole M to the local field vector H.
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motion follows from Lagrange’s equation
(d/dr)(QL/0®) — OL/d® = —dF /od
- together with Eqs. (1-5) as
Cd + 2K + 0.5(B — A){$*(7) sin20(r) —
62()} sin2® + (B — AW(7)8(7) sinf(r) cos2d —
C()8(7) sinb(r) + CY(r) cosb(r) = 0 (7)

Because of the possible appearance of rotational solutions the
roll angle ® has to be of the general form

®(r) = Q1 + ¢(7) ®

where ¢(7) stands for the purely oscillating part; the per-
sistent part of the roll rate is expressed as a rational fraction »
of the orbital frequency Q [see Eq. (37)]. After introduction
of Egs. (6) and (8) into Eq. (7) and normalizing time and
amplitude by ¢ = Qr, 2 = 2¢ we obtain the normalized roll
equation

i + 2Ki + AG(2l) sine = AI(20) cosz + J(2)  (9)

where K = K/CQ, A = (B — A)/C, and G,I,J stand for the
finite Fourier series of the real period = -

m o oom
Q2 = gn cos2nt,  I(20) = . 4. sin2ni,
n=1

n=0
J(2t) = jl SinZt + jz s1n4t

The coefficients ¢,,¢,,j. are functions of the pitch and yaw
amplitudes Si,R; and of the roll coefficient ». Two typical
sets of coefficients for the oscillatory case (v = 0) and for the
rotational case (v = 2) are shown in Tables 1 and 2.

3. Equation of the Asymptotic Approximation

In the following sections we shall investigate the steady-
state solutions of the roll equation applying the method of
asymptotic approximations.? Previous solutions of equa-
tions of type shown in Eq. (9) imposed rather stringent condi-
tions on the periodic function G(2t). Poincare® developed a
perturbation scheme based on the unperturbed form (Math-
ieu’s equation)

g+ (@+ beos2)y =0

This method, however, requires stability of the generating
solution, ie., the parameter-pair (a,b) has to belong to a
stable region of Mathieu’s stability chart.”

The same restriction holds for the solution presented by
Mitropolskii and Lykova? who used the method of asymptotic
approximation. But Skalak and Yarymovych® showed ex-
perimentally that under presence of damping subharmonie
oscillations will be sustained which require the parameters
(a,b) to be located in the unstable regions. )

In the present study a method of solution is developed
without restricting the coefficients g, of the periodic function
G(2t) of the roll equation, Eq. (9). The constraints that have
to be retained concern the damping and the forcing term on
the right-hand side of Eq. (9), which both are supposed to be
small of order e. The oscillations of the roll angle around its
stationary value shall be small enough to allow for an expan-
sion of the term sinz in powers of z, regarding the nonlinear
terms as perturbing force.

With these assumptions the unperturbed form of the roll
equation, Eq. (9), can be recognized as Hill's equation.
Solutions of Hill’s equation are known; they can be pre-
sented as infinite series of trigonometric or hyperbolic func-
tions. The coefficients of these expansions have been tabu-
lated by several authors.”
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For the present investigation the solution suggested by
Whittaker is applied, which has the general form

y = 21e#Wi(t,0) + 26~ #Wa(t,0) (10)

21,22 are integration constants, u is the characteristic ex-
ponent, o the characteristic phase. It follows from Floquets
theorem that (u,0) are imaginary numbers for stable solu-
tions of Hill’s equation, for unstable solutions they have to be
real. W, W, are periodic functions of time with period =
or 2r expandable in circular functions

Wy = Zp8a sin(mt — o) + ¢, cos(mt — o) (11a)
Wy = Znsw sin(mt + o) + ¢n cos(mt + o) (11b)

The sequence for m depends on the number p of the stability
region INp of Hill’s equation:

m=024, ...
m =135 ...

even integers for p even
odd integers for p odd

also sm = 1, ¢m = 0 form = p.

The exponent u and the coefficients sm.,c. are given as
power series of g., where g, are the Fourier coefficients of the
periodic function G(2t), Eq. (9). For details we refer the
reader to the quite extensive monograph on the theory of
Hill’s equations by MacLachlan.”

In view of the algorithm developed in Seec. 4 we aim at a
two-parametric form of Hill’s equation. Taking into account
the assumptions previously made, we rewrite Eq. (9) in a
form appropriate for the perturbation approach

£ 4+ 2eki + [a + BH(2) [z + ef(z)] = eF(2t,x) (12)
where € is a parameter of sufficient smallness, and
k=K, a=Agp, b=A4, k) =—Fa*
eF(2t,x) = AI(2t) cosx + J(20), H(2t) = G(2t) — g0

assuming that z — ($)z? is an acceptable first approximation
for sinz. To account for the influence of the perturbations, we
introduce the ‘“‘detuning” a:,b; of the unperturbed param-
eters ap,bo

= (g + €ay, b = bo + €b1 (13)

The damping term 2ekz shall be removed by the transforma-
tion

T = ye k! (14)
Introduction of Egs. (13) and (14) into Eq. (12) leads to
G+ lao + bH20)ly = €Y (y,) (15)

where
Y = {—[a + 0. H:)x — lao + boH(20)1f(x) + F(2t,x)} e

(the term e%%y of ¥ has been dropped because of its smallness
of second order). The unperturbed form of Eq. (15) reduces
for e = 0 to Hill’s equation

g+ lao + bH2) ]y = 0 (16)

The roll equation has taken now the form of Eq. (15), con-
venient for the application of Mitropolskii’s method of asymp-
totic approximation.? For e = 0 the solution of Eq. (15) is
given by Eq. (10). Because of the influence of the perturbing
term (eY) the quantities 21,2, become time dependent them-
selves. To determine the unknown functions z,(t),2:(f) Eq.
(15) is transformed into a system of differential equations for
21,22 called the “standard form.” The suitable transforma-
tion is

y = ze® W1 + 206 #W, (17a)
dy/dt = Z]E”(MWl + W]) + Zze_'d(_[l.W’,z + Wz) (17b)
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where W1, W, are the periodic functions of Whittaker’s solu-
tion, Eq. (10); the dots denote derivatives with respect to
time. Applying Eq. (17) to Eq. (15) and taking advantage of
the fact that e#!W, and e~ #W, are particular solutions of the
unperturbed equation, Eq. (16), one obtains the standard form

da/dt = e(1/D)Y (21,20,8) Wa(t)e— (18a)
dazo/dt = —e(1/D)Y (21,2,8) W (D) ert (18b)
where Y is the perturbing function of Eq. (15) after substitu-

tion of y according to Eq. (17). D represents the Wronskian
of the unperturbed equation, Eq. (16),

D = W1W2 - W2W1 + 2[.I,W1W2
(D is constant for any time and can thus be determined at the
initial time #p).

The essential idea behind the transformation into standard
form is the separation of slowly and rapidly varying terms.
21,2, are slowly varying since their time derivative is propor-
tional to the small quantity e. We introduce the slow time
t. which is related to the “fast time’” { by ¢, = .

The steady-state conditions derived later require a value p

that is in the order of the damping factor ek. We introduce
the slow time into the exponential functions of Eq. (18)

e = M with u = e\ 19

where A is a quantity close to k.

According to Mitropolskii,® the first approximations 2:,2s
are obtained by averaging Eqs. (18). Let M be the operator
for averaging a function F over the fast time ¢,

MAF@) = lim (1/7) fo "FGu)dt (t = const)

then the average Eqs. (18) become
dew/dt, = M {(1/D)Y Wee—Ms} (20a)
des/dts = M —(1/D)Y WM} (20b)

where Y is obtained from Eq. (15), after substitution of z
according to Eq. (14), and y according to Eq. (17) as

Y = —Qu(zoe™ W1 + ze ™ MWs) + F(2t,z)ek +
Qo(zme)‘tswl + zgoe"”*‘Wﬂ 3p—2kts (21)
with
Qo = a9 + boH(zt), Q] = qa; |+ b1H(2t) (22)

4. Determination of the Periodic Solutions

In the following section the algorithm for computation of
the periodic steady-state solutions shall be derived. As a first
steady-state condition periodicity of z(f) is requested.
Since Wy, W, are periodic in ¢, it follows from Eqs. (14) and
(17)

p=¢e for u>0 ureal
or expressed as slow-time coefficient with Eq. (19):
A=k (23)

The second steady-state condition can be found from the
standard equations, Eqs. (20). For the oscillatory case, the
time dependent functions 7(27) and J(27) of the roll equation,
Eq. (9), vanish (see Table 1); hence the term F(2t,x) of Eq.
(21) is identical zero.

The standard equations, Eqs. (20), take with Eqgs. (21),
and (23) the form

D(dzw/dts) = M z[{zwaQoWlawz - 210Q1W1W2} +
{8210%20QoW 2 W32 — 2p9@Q W2} e~ 2kt -
{32102202Q0W1W23}6-4k“ + {2203Q0W24}€_6kt“] (24a)
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D(dzw/dts) = M t[{ —210°Qo W1t + Z10Q1W12}e2k” +
{-32102220Q0W13W2 + 220Q1W1W2} -
{ 32102202Q0W12W22} e —2kts __
{ Zm3Q0W1W23 } e~k t"] (24b)
The second steady-state condition to be imposed on Egs.
(24) is
leo/dt = 0, dZm/dt = 0, fort; —
leading to a system of algebraic equations for the determina-
tion of the steady-state solution. Provided % is below a cer-
tain limit, the following conditions are found by inspection of
Eq. (24)
M t{2103Q0W13W2 - 210Q1W1W2} =0
Mt{3103Q0W14 - 210Q1W12} = 0, 20 =0
The validity of Egs. (25) has been checked by solving the
system, Eqs. (24), analytically for large 7, and by programing

Eqgs. (24) for an analog computer.’ The limit value for k& was
found as

(25)

k< (1/D)Mz{Q1W1W2} (26)

Before averaging Eqs. (25), it is convenient to define the
following Fourier series for the products of W1, W,:

Wi2 = Z,(A. cosmt + Ay sinmi) (27a)
W W, = Z,(Bn cosmt 4+ Bny sinmt) (27b)

Wit = Z,(E, cosmt + Eup sinme) (27¢)
W13Wz = Em(F,,, cosmt + Fm+1 Sinmt) (27(1)
(m=024,...)

A to F o are functions of s,,cn of Eq. (11), they have been
tabulated® up to m = 6. Introduction of Eqs. (22) and (27)
into Eqgs. (25) and computing the average M ;leads to a system
of linear equations for a; and &. Written in matrix notation
one obtains the symmetric form

a1 _ 41 .
p[0] - 2w 5] (28)
where P and Q are square-matrices composed of the coef-

ficients ¢, from G(2t) and A, to F.. of Egs. (27). For the os-
cillatory case we obtain simply

P = [2Ao (glAz + g2A0)] Q - [2E0 (glEz + 92E4)
2B, (9132 -+ goBo) 2F, (91F2 + Q2F4)

the coefficients g1,g» are given in Table 1.
The conditions for Zy and k become

Zuw =0, k < (1/2D){2Bya; + (g:B: + g2B)bi}  (29)

Z1w,Zy denote the steady-state values for large ¢.. Equation
(28) describes the relation between detuning (as,by) and ampli-
tudes Zy of the nonlinear oscillation. By solving Eq. (28)
for (a;,b;) and taking into account the definition of the de-
tuning Eq. (13) we obtain the relation between the linear and
nonlinear parameters

[4] = @ + ) [ 3] (30)

where P! denotes the inverse of the matrix P and E the unit
matrix.

The parameters (ao,bo) of the unperturbed equation are de-
termined by the condition to constitute a ‘“Whittaker solu-
tion” as defined in Eq. (10) and to fulfill the steady state con-
dition of Eq. (23). Thus, Egs. (30) enable us to express the
amplitude Zy, as function of the nonlinear parameters (a,b)
only. The problem posed initially requires to represent Zm
as a function of the crosscoupling A of Eq. (9). The relation
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Fig.3 Amplitude characteristic for oscillatory roll modes.

between A and (a,b) was defined in (12) as
and b= A
Applying this to Eq. (30) and solving for (A,eZy?) yields

A _ — G,o‘
I:leoz] =R™ [bo:l

where R denotes the 2 X 2 matrix R = [Ry,R.] which con-
sists of the two column-blocks

o [1] n--r-o[s]

For computational reasons it is of advantage to keep the
parametric representation of Eq. (31).

The application of the algorithm shall be demonstrated for
the case of subharmonic oscillations of order (p/q) = (3).
For a given positive damping ek = K the characteristic ex-
ponent is fixed by Eq. (23) as u = ek. Since u is real and the
periodic solution shall be of order (3) (basic period 2r) the
Whittaker solution used for the asymptotic approximation
has to be taken for the first unstable region IN1 of Hill’s
equation. The relation between the linear parameters (ao,bo)
on one side and (u,s) on the other is given in form of two

a = Ago

@31

A = crosscoupling factor, ek = damping factor.

power series in by

y= ‘; Funl,g)bo" (32)
ap = E_:Ifzn(o',gm)bo" (33)

The coefficients fin,f2n have been tabulated by Hayashi.? In
Table 3 the first three coefficients for the region IN1 are
shown as dn example. The numerical computation starts by
selecting an initial value for the independent parameter by.
From Eq. (32) the phase o can be computed substituting
u = ¢k = K. afollows from Eq. (33). The coefficients s,
¢ of Wyin Eq. (11) are similar power series in by (Ref. 9).

Sm = 2 fnlo,gm)bs®, Cm = Elfm(a,gm)bo"
n=1 n=

Now the coéfficient-matrices P, Q of Eg. (28) can be calcu-
lated; and finally from Eq. (31) one obtains a set of (4,
eZ1s?) values. .

To each positive value of A belong two real amplitudes Zy,
corresponding to the stable respectively unstable periodic
solution (see Fig. 3). The final steady-state solution Z is ob-
tained after substitution of Eq. (17) into Eq. (14) and ob-

= (m/q)2, m = 0, 2, 4,...
®, and dominating fre~

X 1-0
Xo Xo =24 A =0-5

o8 $ : K =0-005

Xo= 0-0 K

t ° 1 pla = (4/6)

0,6 n \
I [ A \
b4 04
z -
2 o ‘ I I I I\ f\ ‘ A Fig.4 Acquisition of the sta-

2 . 4

e , ble resondnce mode (3) (nu-
o I merical integration). The
5 0:0 solution is of even order with
3 \ , \ I s normalized frequencies wn
<z( 0-2
: \/ WARY
z v/

quency w; = (§)2.

To=31C _—v

NORMALIZED TIME —e t
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Table 3 Coefficients of the expansions u(b,) and a,(b) for

Hill’s equation in the first unstable region IN1 (Ref. 9)

fu % sin2a

fu =13+ "g‘lzsgzgs) sin2¢
fs = $(3%s + 3837 6 + 285 0 + Fs 07 sin2e +

Tozs 9 sinde

fa = % cos2¢

itn

fo=%-t-%0—Fau't+ Get
T §203) c0820 + & cosde]
fu = $(— 45 0520 + & g2 cosds)

serving conditions Eqs. (29) as
z = (ZuWi)m
Introducing W, associated with Hill’s region IN1, we find
Z = Zplcos(t — o) + Zusm sin(mt — o) +
Zmlm cOS(mt — @)}, m = 3,57, ...

which represents a subharmonic solution of the roll equation,
Eq. (9), with basic period 2.

The general periodic solution for the resonance mode of
order (p/g) having the dominant frequency f = 2(p/q) and a
basic period of Ty = gr (p odd, ¢ even), respectively, Ty =
gr/2 (p even, ¢ even) can be represented as

E(t) = GuZulsn sinf(m/q)2t — o} +
cm cos{(m/Q)2t — o} Div, (34)

m = 0,2,4, ... even, for p even, ¢ even

m = 1,3,5, ... odd, for p odd, ¢ even

and 8, = 1,¢n = 0form = p

The index INp shall indicate that the expansions for u,
@o,8m,Cm have to be taken for the region INp of Hill’s equa-
tion. The value of Zy, is found by application of the algorithm
in the aforementioned way. The relation between true and
normalized roll angle was defined in Eq. (9) as

¢ = T/2

The rotational solutions of the roll equation Eq. (7) are of the
general form defined in Eq. ()

D = Q1 + ¢(1) (35)

The resonant rotational solution is established when the
system returns to identical energetic state after completing
integer numbers of half-turns. Thus the following boundary
conditions characterize this case:

BTy = ®0) + nr (36a)
dT) = d(0) n = integer (36b)

T = 7/Q denotes the basic period of the driving terms y/(7)
and 6(r) given in Eq. (6). The even integer q characterizes
the basic period of the superimposed oscillation. The co-
efficient » is found from Egs. (35) by applying Egs. (36)

v = (n/q)

The determination of the superimposed periodic oscillation
follows exactly the same scheme as outlined for the oscillatory
case. Once a particular value for » has been chosen the co-
efficients of I(2¢) and J(2¢) in Eq. (9) can be computed. An
example for » = 2 is given in Table 2; these terms appear as
periodic driving force F(2¢,z) in Eq. (12) their normalized
basic period is 7. They will be of influence on those periodic
solutions for which the averaging

M{Wi(OF(2tx)}; MAW,0F(2t,2)}

results in a nonzero value and contribute thus to the steady-
state solutions of the standard form Eq. (24).

n = integer (37
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Fig. 5 Amplitude characteristic for the rotational roll
mode » = 1 (one revolution per orbit).

5. Results of Computations

The algorithm developed in the previous section has been
used to calculate the amplitude characteristics for a typical
satellite of (M H,/B) = 10~*sec? in a 500 km circular orbit
with Hy = 0.3450e, fi = 0.334, iy = 0.324. Most effort has
been spent on the computation of the characteristics eZ12(A)
for oscillatory roll motions (v = 0) as plotted in Fig. 3, to show
the manifold of possible resonance models.

In order to check the stability and the accuracy of the ap-
proximate solutions, the roll equation, Eq. (9), has been
integrated numerically in the vicinity of the periodic trajec-
tory, (see dashed curve of Fig. 3). It was found that the
“upper” branch of the amplitude characteristic of order (p/q)
belongs to stable solutions, the “lower” branch to unstable
solutions. The accuracy of the first approximation is satis-
factory for the resonance cases of order (p/2) up to eZy? =
0.8. For fractional order resonance (p/4) and (p/6) the ac-
curacy is one order lower.

Looking at the entirety of periodic solutions of Eq. (9),
there are some interesting general properties that shall be
mentioned before we pass on to the physical interpretation.

Let us consider the solutions Z given by Eq. (34) as elements
of the function space U,[0,g7] defined in the interval [0,g7].
All solutions of order (p/¢) with common index ¢ shall be
comprised by the set U,[0,gr]. Thus U,[0,qr] contains all
even and odd solutions of the common basic period Ty =
gm (for p odd integer), respectively Ty = qw/2 (for p even).
Further on the subset S,,, < U, shall contain all those solu-
tions & & S,,, which are of the particular resonance order

‘(p/q)-

Using these definitions one finds one distinguished set
U,[0,27] for the lowest possible value of ¢,(¢ = 2). All solu-
tions & € U, approach solutions of linear parametric reso-
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Fig. 6 Amplitude characteristic for the rotational roll
mode » = 2 (two revolutions per orbit). -
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nance for extremely small amplitudes (e—0). The amplitude
curves associated with the subsets S, © U, originate in the
regions INp of the A scale of Fig. 3. Therefore U, is called
the “parametric’”’ set of solutions. With increasing damping
ek the stable and unstable branch of the amplitude curve ap-
proach each other; there is a critical damping above which
no periodic solution exists [see Eq. (26)].

All other sets U,.[0,¢.m], where ¢, > 2, contain solutions
which are due to purely nonlinear resonance. For vanishing
nonlinearity (¢ — 0) these solutions cannot exist anymore.
The amplitude curves of the solutions # € 8,.. are located
between amplitude curves of £ & §,., in the representation of
Fig. 3. There exists a “cut-off” amplitude depending on €k
below which no periodic solution can exist.

6. Conclusions

According to the principle of passive magnetic control the
satellite is forced into a nonuniform pitch motion. The basic
frequency of this motion is twice the orbital frequency. If
the spacecraft is of inertial unsymmetry (4 ¢ B, A = 0)
an energy exchange between roll motion and pitch motion is
provided through inertial coupling. For particular values of
the crosscoupling factor

A= (B — 4)/C

external excitation of resonant roll motions is possible.
Generally three kinds of stationary roll solutions have been
found: 1) equilibrium or rest position; 2) resonant oscilla-
tory motion; and 3) resonant rotational motion.

In the following, the three typical roll modes and their de-
pendency on the crosscoupling, A shall be discussed. Note
that A isphysically realistic only for A = 1. Nonzero damp-
ing ek > 0 is assumed.

1) The equilibrium position of the roll angle is of limited
asymptotic stability if A is located inside a ST region of the A
scale of Fig. 3; for A inside a IN region the rest position is
unstable. That means the usual hysteresis damper (ek < 1)
can only provide a stable rest position of the roll angle if the
crosscoupling factor A has been adjusted to a value inside
ST. The equilibrium is defined by @ = 0 = nwr; in this posi-
tion the axis of maximal moment of inertia (Y axis) is directed
normal to the orbit plane.

2) The oscillatory mode has to be subdivided into two
groups of different stability properties. Periodic roll oscilla-
tions of strong stability with respect to the perturbing vector
(Po, Do) are obtained if the solutions belong to the ‘“paramet-
ric” set U.[0,2]. The crosscoupling A has thus to be located
inside regions IN1 or IN2 of Fig. 3. For A inside IN1 the
stable roll oscillations (upper branch) are of subharmonic
order (%), i.e., their basic period is equal to the orbital period
T = 2n/Q. For A inside IN2 the roll oscillation is periodic
with half-orbital period T = #/Q. Oscillatory roll modes of
low stability are obtained if the solution belongs to any set
Unl0,¢:m]. For small A values inside ST0 subharmonic
oscillations of two and three times orbital period have been
found, whereas A inside ST1 can lead to fractional order
solutions. This type of roll modes can only be initiated if the
initial vector (®0,P¢) is very close to the steady-state trajec-
tory defined by the solution Eq. (84).  An example for the
transition to the stable roll mode of the fractional order (%) is
shown in Fig. 4. The solution was obtained by numerical
integration of the roll equation, Eq. (9).
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3) Rotational roll motions can be initiated if the initial
rate comes close to the mean roll rate (®) = »Q, where v =
n/q as defined in Eq. (37). Reasonably stable solutions were
found for integer values of » and ¢ = 2; that means the
spacecraft will perform a continuous motion of » revolutions
around its roll axis superimposed by an oscillation of the
period T = 27/Q. One condition for the existence of the
rotational solution is the stability of the superimposed oscil-
lation. These conditions can be retrieved from the amplitude
curves; two examples for » = 1 and 2 are shown in Figs. 5
and 6. Provided the initial perturbation is of sufficient level,
these rotational modes can only be sustained if A has been
adjusted to values inside the region IN1 of Figs. 5 and 6,
respectively. :

The present analysis has been performed assuming a cir-
cular and polar orbit. Relaxing these conditions leads to
changes of the forcing terms A(7), H(7),Eq. (4). With polar
orbits the exciting pitch motion has its maximum strength,
but is reduced to nearly zero-level for the equatorial orbit.
Therefore the described external roll resonance will occur
only with near polar orbits which are normally chosen for the
magnetically oriented satellite. Deviations from the circular-
ity of the orbit will introduce uneven terms of frequency
(2n — 1)Q into the expansions Eq. (4). Thus the basic fre-
quency of the forcing terms changes from 2Q to © (or from 2
to 1 in normalized units). The result is an extension of the
possible roll modes given by Eq. (34) to solutions of the nor-
malized frequency w. = (m/g)1.

In closing we remark that all roll modes found during this
analysis are of limited stability. Depending on the param-
eters of the system there exists a limiting surface around the
steady-state trajectory enclosing a finite volume of stable
trajectories. If the perturbing state-vector penetrates this
surface, the spacecraft changes to another type of resonance
mode. But, as current studies show, it seems feasible to
preserve a continuous roll motion for a given satellite once
the level of environmental perturbations is known.
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